Lorentz invariance violation (LIV) can manifest itself by an energy-dependent vacuum dispersion of light, which leads to arrival-time differences of photons with different energies originating from the same astronomical source. The spectral lags of gamma-ray bursts (GRBs) have been widely used to investigate the possible LIV effect. However, all current investigations used lags extracted in the observer frame only. In this work, we present, for the first time, an analysis of the LIV effect and its redshift dependence in the cosmological rest frame. Using a sample of 56 GRBs with known redshifts, we obtain a robust limit on LIV by fitting their rest-frame spectral lag data both using a maximization of the likelihood function and a minimum χ 2 statistic. Our analysis indicates that there is no evidence of LIV. Additionally, we test the LIV in different redshift ranges by dividing the full sample into four redshift bins. We also find no evidence for the redshift variation of the LIV effect.
INTRODUCTION
Lorentz invariance is a fundamental symmetry of spacetime in modern physics. However, many Quantum Gravity (QG) theories, which attempt to unify general relativity and quantum mechanics, predict the existence of deviations from Lorentz symmetry at the Planck energy scale (E Pl = hc 5 /G ≃ 1.22 × 10 19 GeV; Pavlopoulos 1967; Kostelecký & Samuel 1989; Kostelecký & Potting 1991 , 1995 Mattingly 2005; Bluhm 2005 ; Amelino-Camelia 2013; Tasson 2014) . As a consequence of Lorentz invariance violation (LIV), the speed of light in a vacuum would have an energy dependence, the so-called vacuum dispersion (Amelino-Camelia et al. 1997; Kostelecký & Mewes 2008; Ellis et al. 2008 Ellis et al. , 2011 ). The energy scale for LIV, E QG , could therefore be constrained by comparing the arrival-time differences of photons with different energies emitted simultaneously from the same source (Amelino-Camelia et al. 1998; Ellis & Mavromatos 2013) .
Because of the high-energy extent of their emission, their large cosmological distances, and their fast variabilities, gamma-ray bursts (GRBs) have been deemed as the most promising sources for searching for LIV-induced vacuum dispersion (Amelino-Camelia et al. 1998; Jacob & Piran 2007; Amelino-Camelia & Smolin 2009; Amelino-Camelia 2013; Wei et al. 2016) . To date, various limits on LIV have been obtained by studying the dispersion of light in observations of individual GRBs or a large sample of GRBs (Amelino-Camelia et al. 1998; Coleman & Glashow 1999; Schaefer 1999; Boggs et al. 2004; Pavlopoulos 2005; Kahniashvili et al. 2006; Jacob & Piran 2008; Abdo et al. 2009b,a; Xiao & Ma 2009; Shao et al. 2010; Chang et al. 2012; Nemiroff et al. 2012; Kostelecký & Mewes 2013; Vasileiou et al. 2013; Zhang & Ma 2015; Xu & Ma 2016 , see also Kostelecký & Russell 2011; Liberati 2013 and summary constraints for LIV therein). Although these limits on LIV have reached high precision, most were obtained by relying on the rough time lag of a single highest-energy photon. Performing a search for LIV using the true time lags of highquality and high-energy light curves in different energy multiphoton bands is therefore crucial. Furthermore, the method of the arrival-time difference used for testing LIV is tempered by our ignorance concerning the intrinsic time delay that depends on the unknown emission mechanism of GRBs. Most previous studies concentrated on the time delay induced by LIV while neglecting the intrinsic time delay, which would impact the reliability of the resulting constraints on LIV. Most recently, however, Wei et al. (2017a,b) provided some solutions to disentangle the intrinsic time delay problem. They first proposed that the only burst GRB 160625B so far with a well-defined transition from positive to negative spectral lags 1 provides a good opportunity to distinguish the possible LIV effect from any source-intrinsic time delay in the emission of photons of different energy bands. By fitting the true multiphoton spectral-lag data of GRB 160625B, they obtained both a reasonable formulation of the intrinsic energy-dependent time delay and robust limits on the QG energy scale and the Lorentz-violating coefficients of the Standard-Model Extension.
In order to identify an effect as radical as Lorentz violation, statistical and possible systematic uncertainties must be minimized. For this purpose, Ellis et al. (2000 Ellis et al. ( , 2003 Ellis et al. ( , 2006 ) developed a method for analyzing a statistical sample of 35 GRBs with different redshifts, rather than a single source. For each GRB, Ellis et al. (2006) looked for the spectral time-lag in the light curves recorded in the selected observer-frame energy bands 25-55 and 115-320 keV. This technique has the advantage that it can extract the spectral lags of broad light curves in different energy multi-photon bands. In their analysis, the observed time lag was formulated in terms of linear regression where the slope corresponds to the LIV effect and the intercept denotes the intrinsic time delay at the source. Assuming the concordance ΛCDM model as the background cosmology, they found a weak evidence for LIV and obtained a robust lower limit of E QG ≥ 1.4 × 10 16 GeV (Ellis et al. 2006 ). Subsequently, Biesiada & Piórkowska (2009); Pan et al. (2015) applied this procedure to different cosmological models, finding the conclusion is independent of the background cosmology. We note that the spectral lags of GRBs used for testing LIV were extracted between two fixed energy bands in the observer frame (Ellis et al. 2006 ). Due to the redshift dependence of GRBs, however, these two energy bands can correspond to a different pair of energy bands in the rest frame (Ukwatta et al. 2012) , thus potentially introducing an energy dependence to the extracted spectral lag and/or an extra uncertainty to the resulting constraints on LIV. Ukwatta et al. (2012) studied the correlation between observer-frame lags and rest-frame lags for the same sample of 31 GRBs (see Figure 3 of Ukwatta et al. (2012) ). They showed that there is a large scatter in this correlation, implying the observer-frame lag does not directly represent the rest-frame lag. In other words, the observer-frame lags would be strongly biased since they simply recorded different pairs of the intrinsic light curves. This can be resolved by choosing two appropriate energy bands fixed in the rest frame and estimating the observed lag for two projected energy bands by the relation E obs = E rest /(1 + z), where E obs and E rest are the photon energy measured in the observer and the rest frame, respectively. It actually means that the energydependent effect can be removed in this way. However, no one has made systematical research on the LIV effect using the spectral lags extracted in the rest frame.
Recently, Bernardini et al. (2015) investigated the restframe spectral lags of the complete sample of 56 bright GRBs observed by Swift/Burst Alert Telescope (BAT). For each GRB, they extracted mask-weighted, background-subtracted light curves for two observer-frame energy bands corresponding to the fixed rest-frame energy bands 100-150 and 200-250 keV. These two particular rest-frame energy bands were selected so that after transforming to the observer frame (i.e., [100-150]/(1 + z) and /(1 + z) keV) they still lie in the energy range of the BAT instrument (∼ [15-200] keV). For each light-curve pairs, they estimated the time lag and the associated uncertainty through a discrete crosscorrelation function fitted with an asymmetric Gaussian function (Bernardini et al. 2015) .
In this work, we make use of the rest-frame spectral lags from 56 Swift GRBs presented in Bernardini et al. (2015) for the first time to study the possible LIV effect.
2 Compared with previous works, which relied on using the observerframe lags, our present work can remove the problem associated with the energy dependence of the extracted spectral lags, and then obtain reliable constraints on LIV. On the other hand, since the GRBs in the sample of Bernardini et al. (2015) cover a wide redshift range z ∈ [0.35-5.47], they also enable us to test the LIV in different redshift ranges for the first time. To test whether the LIV effect varies with the cosmological redshift, in this work we separate the sample of 56 GRBs into four redshift bins. That is, we sort the GRBs by their red-shift measurements, and divide them into four groups with redshifts from low to high, each group containing 14 GRBs. We then perform the linear fit to each group and calculate the mean redshift, and check whether the values of the linear terms that encoded the LIV effect evolve with redshift.
The outline of this paper is as follows. In Section 2, we give an overview of the LIV formalism. In Section 3, we describe the sample at our disposal and our method of analysis. The resulting constraints on LIV and its redshift dependence from the rest-frame spectral lags of GRBs are presented in Section 4. Finally, a brief discussion and conclusion are drawn in Section 5.
FORMALISM
As mentioned above, the speed of light would become energy-dependent in a vacuum due to the LIV effect. The modified dispersion relation of photons can be described using the leading term of the Taylor series expansion in the form
which corresponds to a modified photon velocity
where E QG represents the QG energy scale, the nth-order expansion of the leading term stands for linear (n = 1) or quadratic (n = 2) energy dependence, and
corresponds to a decrease (an increase) in photon speed with an increasing photon energy. For the sake of being comparable with the results of Ellis et al. (2006) and because the data used in this study are not sensitive to higher order terms, here we only consider the n = 1 case, and moreover we assume the sign parameter s ± = −1 in the formula. Photons with higher energies would travel faster than those with lower energies in the case of s ± = −1, which predicts a positive spectral lag due to LIV, i.e., ∆t LIV > 0. Because of the spectral dispersion, two photons with different observer-frame energies (E h > E l ) arising from the same source would arrive at the observer with a time delay. Taking into consideration the cosmological expansion, the LIVinduced time delay can be expressed by (Jacob & Piran 2008; Zhang & Ma 2015) 
where
are the rest-frame energies, respectively. Also, h(z) = Ω m (1 + z) 3 + Ω Λ is the dimensionless Hubble expansion rate at z, where the standard flat ΛCDM model with parameters H 0 = 67.8 km s −1 Mpc −1 , Ω m = 0.308, and Ω Λ = 1 − Ω m is adopted (Planck Collaboration et al. 2016) .
Due to the fact that the LIV-induced time delay ∆t LIV is likely to be accompanied by an unknown intrinsic time lag caused by unknown properties of the source (Ellis et al. 2006; Biesiada & Piórkowska 2009 ), we take this possibility into account by fitting the observed time lag with the inclusion of a term b specified in the rest-frame of the source, as Ellis et al.
(2006) did in their treatment. Therefore, the observed arrival time delays consist of two terms
reflecting the possible LIV effect and intrinsic source effect, respectively. Then we re-express Equation (4) as a linear function in the form:
is a function of the redshift, and
is the slope in K which is related to the scale of Lorentz violation, whereas the intercept b denotes the average effect of the intrinsic time lags of different pulses internal to the GRB. Note that intrinsic time lags apply most strictly between individual pulses internal to GRBs (see Kocevski & Liang 2003; Norris et al. 2005) . As shown by Hakkila & Giblin (2004) and Zhang (2012) , different pulses inside the same GRB can have different intrinsic lags. We adopt the view that using a single time lag b for an entire GRB would be sufficient to demonstrate the essential point (Ellis et al. 2006; Biesiada & Piórkowska 2009; Pan et al. 2015) , but this should be understood to be a statistical average over the different lags of different pulses internal to the GRB. Additionally, it should be pointed out that the intrinsic time lags are not generally a single time offset between GRB light curves in different energy bands. As described by Norris (2002) , the time lag is a cross correlation between light curves of the same pulse at two different energy bands. This cross correlation is not caused, typically, by a single time offset true at all times during the pulse, but rather a variable time offset that increases as the pulse progresses. This has been shown in some detail by Nemiroff (2000) for GRB 930214C, and more generally by Hakkila & Nemiroff (2009) . As such, the total measured time offset is typically zero at the beginning of each pulse (the Pulse Start Conjecture, Nemiroff 2000 Nemiroff , 2012 Hakkila & Nemiroff 2009 ), but may even be on the order of the duration of the pulse near the temporal conclusion of the pulse. It would be more accurate to consider pulses as starting at the same time at all energies but being increasingly stretched out at lower energies, typically. Therefore, any LIVinduced time lag would act in a fundamentally different manner than an intrinsic time lag, as measured. LIV-induced time lags would really be a single time offset, on the average, between GRB photons at different energies. LIV-induced time lags between energy bands would be the same at all times in the light curves of GRB pulses, whereas intrinsic time lags would differ. In summary, the intrinsic time lags are attributes of the later parts of GRB pulses, here we simply use a single average lag b for an entire GRB.
Unlike previous analyses which used the observer-frame spectral lags, we first take advantage of the rest-frame lags of 56 Swift GRBs presented in Bernardini et al. (2015) to study the LIV effect and its redshift dependence. This complete sample has redshifts ranging from 0.35 (GRB 061021) to 5.47 (GRB 060927), with a mean redshift of ∼ 1.73. By selecting two appropriate energy bands in the observer frame (based on the redshift of each GRB, i.e., [100-150]/(1 + z) and /(1 + z) keV), Bernardini et al. (2015) extracted light curves for the chosen rest-frame energy bands 100-150 and 200-250 keV. Note that the energy gap between the midpoints of the two rest-frame energy bands is fixed at 100 keV, whereas in the observer frame, as expected, the energy gap varies depending on the redshift of each GRB. For example, the gap is 74 keV in GRB 061021 and it is 16 keV in GRB 060927. This is in contrast to the spectral-lag extractions performed in the observer frame where the energy gap is treated as a constant (Ukwatta et al. 2012) .
The spectral lags for two observer-frame energy bands corresponding to the fixed rest-frame energy bands 100-150 and 200-250 keV from 56 GRBs were carefully computed by Bernardini et al. (2015) . This complete sample is listed in Table 1 , which includes the following information for each GRB: (1) its name; (2) the redshift; (3) the observed spectral time lags ∆t obs ; and the corresponding uncertainties of ∆t obs , including (4) the left uncertainty σ l , (5) the right uncertainty σ r .
In order to probe the energy dependence of the speed of light that might be induced by the LIV effect, following the treatment of Ellis et al. (2006) , we perform a linear lit to the ∆t obs /(1 + z) versus K(z) data (see Figure 1 ). Since the data are quite scattered, we introduce a quantify, σ int , to characterize the intrinsic uncertainty in GRB spectral lag. To find the best-fit coefficients a LIV , b and the intrinsic scatter σ int , we adopt the method of maximum likelihood estimation (MLE; D'Agostini 2005; Wei et al. 2013 Wei et al. , 2015 . The joint likelihood function for the coefficients a LIV , b and the intrinsic scatter σ int is
where σ ∆ti = σ l,i + σ r,i /2 is the observational uncertainty.
4. RESULTS 4.1. Test of the LIV effect Using the MLE method, we get the resulting constraints on a LIV , b , and σ int , which are displayed in Figure 2 −0.005 . Note that the bestfit value of a LIV is significantly less than its 1σ uncertainty bounds. This could merely be a statistical fluke that results from the fact that the spectral lag data are quite scattered. The best-fit ∆t obs /(1 + z) versus K(z) function (solid line; with a LIV = −0.030 and b = 0.026) is plotted in Figure 1 , together with the data from GRBs. We also use the reduced χ 2 method to constrain the coefficients a LIV and b . This method also takes into account the effect of intrinsic scatter, i.e.,
where the intrinsic scatter σ int is set by requiring that the reduced χ 2 equal unity, which is widely used in Type Ia supernova cosmology (e.g., Suzuki et al. 2012) . Here the value of σ int is 0.021 when the reduced χ 2 is unity. We show the constraints from the reduced χ 2 method in Figure 2 Figure 1 with a dashed line.
Since a LIV = ∆E ′ /H 0 E QG , for a given ∆E ′ , a LIV → 0 gives E QG → ∞. Our constraints show that the slope a LIV is consistent with 0 within the 1σ confidence level, and therefore there is no evidence of LIV. That is, Lorentz invariance is consistent with the data.
Marginalizing the likelihood function over the intercept parameter b and the intrinsic scatter σ int , one can place 95% confidence limit on the energy scale E QG of LIV by solving the equation (Ellis et al. 2006 )
where E ∞ represents a reference point fixing the normalization. Here we choose the Planck energy scale as the reference point E ∞ = 10 19 GeV, and then a min = ∆E ′ /H 0 E ∞ . Also,
l is the energy difference between the fixed restframe energy bands. The 95% confidence-level lower limit obtained by solving Equation (10) is
for the MLE method, and
for the reduced χ 2 method. 
Test redshift variation of the LIV effect
To test whether the LIV effect varies with redshift, we divide the sample of 56 GRBs into four groups with redshifts from low to high, each group containing 14 GRBs:
• (A) 0.35 ≤ z < 0.97, z = 0.67;
• (B) 0.97 ≤ z < 1.61, z = 1.31;
• (C) 1.61 ≤ z ≤ 2.20, z = 1.93;
• (D) 2.30 ≤ z ≤ 5.47, z = 3.00.
For each group, we perform the same fit procedure (the MLE method) as applied to the whole GRB sample to optimize the parameters a LIV , b and the intrinsic scatter σ int , and calculate the mean redshift z . The constraints on the slopes a LIV against z for four groups are shown in Figure 3 , together with the 1σ error bars of a LIV . Since the data points in the second redshift bin are too much scattered, the error bars of a LIV are larger than those of the other three redshift bins. A linear fit to a LIV -z (the solid line in Figure 3 ) leads to a LIV = (0.501 ± 0.504) − (0.213 ± 0.261) z . Clearly, the slope of a LIV versus z is consistent with zero at the 1σ confidence level. This result shows no statistically significant evidence for the redshift evolution of the LIV effect. Moreover, because a LIV is consistent with a LIV = 0 within the 1σ confidence level for all four redshift bins, we can conclude that there is no evidence of LIV and results that all are consistent with each other.
DISCUSSION AND CONCLUSION
The spectral lags of GRBs between two fixed energy bands in the rest frame have been investigated by projecting these two bands to the observer frame. In this work, we first use the rest-frame spectral lags of 56 GRBs to test the possible LIV effect and its redshift dependence. This is a step forward in the investigation of LIV, since all current studies used lags extracted in the observer frame only and the evolution of the LIV effect with redshift has not yet been explored.
The key challenge in such time-of-flight tests, however, is distinguishing an intrinsic time delay at the source from a possible time delay induced by the LIV effect. In order to overcome the intrinsic time delay problem, we perform a linear fit to the spectral lags (∆t obs , between two fixed rest-frame energy bands in a complete sample of 56 GRBs) versus the K(z) data (it is a function of the redshift), where the slope a LIV in the linear regression analysis corresponds to the QG scale related to the LIV effect, and the intercept b represents the average effect of the intrinsic time lags of different pulses internal to the GRB. This technique we used was originally proposed by Ellis et al. (2006) , while they focused on the observer-frame spectral lags.
With the whole sample, we first optimize the coefficients a LIV , b and the intrinsic scatter σ int by maximizing the likelihood function (i.e, the MLE method). −0.029 . The results from these two fitting methods are in good agreement. Since the slope a LIV is in good agreement with 0 within the 1σ confidence level, there is no evidence of LIV. That is, Lorentz invariance is consistent with the data. By marginalizing the likelihood function over b and σ int , we obtain the 95% confidence-level lower limit on the energy scale E QG of LIV, yielding E QG ≥ 0.2 × 10 15 GeV. While our constraint is not the tightest, there is nonetheless merit to the result. Thanks to our improved statistical technique and the first use of the restframe spectral lags, our constraint is much more statistically significant than previous results.
By dividing the 56 GRBs into four groups according to their redshifts and fitting each group separately, we find the bestfit values of a LIV do not vary with the cosmological redshift, implying there is no evidence for the reshift evolution of the LIV effect. Moreover, because a LIV is consistent with a LIV = 0 within the 1σ confidence level for all four redshift bins, we can conclude that Lorentz invariance is consistent with the data for all four redshift bins. This is the first time to explore the redshift variation of the LIV effect. 
